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Abstract

The most usual polyhedrawith large numbersof triangular facesare geodesicdomes,having non-regular
triangleschosenso that the polyhedronapproximatego a sphere.lf the facesare equilateraltrianglesmore
interestingformsresult,particularlyif thereareno planesof mirror symmetry,andthe polyhedrorhasatwisted
appearance. Some techniques for producing such polyhedra are described, and illustrated with examples.

Twisted Tilings

Of the variouskinds of tiling that Griinbaumand Shepharfl] call not edge-to-edge,some(the right
handtilings figure 1 for example)retain rotational symmetrybut lose mirror symmetry,and occurin
right andleft handedforms. Although they can be seenasthe resultof sliding faces,they canalsobe
seenas the result of twisting the facesof an edge-to-edgdiling. This hasthe effect of producing
additional faces at the vertices of the edge-to-edge tiling.

A dualto atiling hasavertexcorrespondingo eachfaceof theoriginal,andafacecorespondingo each
vertexof the original. Verticesin the dualarejoined by anedgeif andonly if facesin theoriginal have
anedgein common(andconversely) The newfacesin thetwistedtiling mustbefacesof the dualtiling,

becauseof their relationto the original vertices:the edgesmeetingat the vertex are sidesof the new
face.

Figure 1. Twisting the faces of a regular triangular tiling.

Twisted Polyhedra

Applying the sameideato a polyhedronwill not work becausesachvertex lies somewherealong an
edge. Taken separatelythe facesat such a vertex could hinge, but even this is preventedby the
configuration at neighbouring vertices. Twisting faces forces them to lie flat.

The samedifficulty doesnot arisewith sphericatltilings, which arecloselyrelatedto polyhedrasincethe
edgesof a polyhedroncan be projectedfrom a point, usually the centreof symmetry,onto a sphere,

producinga tiling. The sphericalfacescanbe twisted,and many non-edge-to-edgsphericattilings are
known.

Peopleusuallyfind twistedobjectsvisually interesting,andvariouswayshavebeendevisedto generate
suchpolyhedralstructuresfor exampletwisted sphericaltilings can provide a templatefor tensegrity
structures, and George Hart has produced a family of twisted polyhedra that he calls propglohedra



Twisted Domes

Oneway to avoidthedifficulty thathappensvhenverticesoccursomewheralongthelengthof anedge
is to subdividethe edge creatingmorevertices.In trying to reconstructhe shapeof a particulartype of
virug3] StephanWerbeck|private correspondencelameup with the following constructioneeachface
is replacedby a pyramid, having equilateraltriangularfaces,and eachtriangle subdividedinto smaller
triangles,the completepyramidsare then twisted relative to eachother, but still keepingthe smaller
trianglesedgeto edge. This will leave holes that must be filled with extra faces.If the hole is an
equilateraltriangle it can be filled with the sametriangles as the rest of the polyhedron.Figure 2

illustrates the process for a tetrahedron. In the original construction the apical pyramids were left off.
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Figure 2. The construction of a twisted dome.

Dual Goldberg Polyhedra

I built two or three modelsusing this idea at the conferenceof the UK Associationof Teachersof
Mathematicsn Bath at Easter2003.EvaKnoll noticedthem,andpointedout thatthosemadefrom only
trianglescould be madeby subdividingfacesof a suitabledeltahedralcosahedrakexamplesof such
polyhedra were first describedby Goldberd5], although he was primarily concernedwith their
(topological)duals.Coxetef6] appliedthe sameideato virus structuresasdid CaspamndKlug[7]. The
division of the trianglescan be understoodby placing a face of the original deltahedroron a grid of
triangles from the new one (figure 3).

Figure 3. A triangle from the original deltahedron on a grid of triangles from the new one.



It is easyto seethat the large triangle hasan areamadeup from three half-parallelogramgand each
parallelograncontains2 a b smalltriangles),plusatriangleof sidea - b, containing(a — b)? small

triangles.It follows immediatelythateachoriginal faceis replacedy & + ab+ b? smalltriangles.| have
extendedhe term "dual Goldbergpolyhedron"to include any polyhedronproducedrom a deltahedron
in this way (figure 4). Notice that tetrahedron 3,1 is the twisted dome in figure 2.
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Figure 4. Dual Goldberg polyhedra based on regular deltahedra, with a,b < 5.



Vertex positionsfor thesepolyhedrahave beengeneratedising HEDRONS8], which usesa relaxation
methodto determinetheir coordinates,given combinatorialdata about the verticesin eachface. It

produces VRML files as output.
Conformations

Even the simplestof thesepolyhedraare not completely determinedby the way the triangles are
connectedand Eva Knoll[9] hasconsidereddimpled versionsof someicosahedrabxamplesDifferent
polyhedramadeby connectingthe samefacesin different ways are generallyknown as isomers,by
analogywith molecularstructuresn chemistry Moleculesthathavethe sameatomsconnectedhe same
way but positioneddifferently are known as conformationalisomers(or conformers),and it seems
appropriateto use the sameterm for polyhedrawith the samefaces connectedthe sameway but
positioned differently.

Certainly the obvious conformationsof dual Goldberg polyhedraare those that most resemblethe
original deltahedraput othersmay have more visual interest. Someof the optionsin HEDRON will
producethe conformationthat is the nearestapproximationto a sphere(which producesthe same
conformationif therearefew faces).As the numberof facesincreaseshe form becomesnoreflexible,
and variationsoccur quite readily. Figure 5 showsan octahedrakexample,andfigure 6 anicosahedral

one.
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Figure 6. Spherical conformation of dual Goldberg icosahedron with a =5, b = 4.

If a non-convexdeltahedrons usedasa startingpoint the deriveddual Goldbergpolyhedrawill inherit
valleys from the concaveedges.A conformationthat approximatesa spherewill haveridgesin the
valleys. Figure 7 shows such conformationsof the dual Goldbergpolyhedraderived from the stella
octangula with a = 5, compared with the most obvious alternatives, without ridges.
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Figure 7. Stereo pairs of dual Goldberg polyhedra derived from the stella octangula
Other Polyhedra

Not all polyhedraconstructedby the methodillustratedin figure 2 are dual Goldbergpolyhedra.For
example, start with an octahedron,constructequilateral pyramids on its faces (producing a stella
octangula)divide themandtwist. The holethatis left is a squareandit is a unit squaref the pyramids
aretwisted by one edgelength. Figure 8 showsthe simplestsuchpolyhedron:the pyramid edgeshave
beendivided into 2 andtwisted by 1 edgelength. As in the original Werbeckconstructionthe apical
tetrahedra have been left off, emphasising the relationship of this object to a cube.

Figure 8. A non-Goldberg twisted dome. Apical pyramids were removed from the white faces.



Anothermethodstartswith an Archimedearpolyhedronfor examplea truncatedtetrahedronThis has
somefacesthat are hexagonsso it is not possibleto constructequilateralpyramidson every face.
Similar situationsoccurwith otherpolyhedrathat haveoctagonabr decagonafaces.Onesolutionis to
usepyramidsof doublesize,sowith atruncatedetrahedrorusetriangularpyramidsof edge-lengttiwo
on the triangularfaces,and replacethe hexagonafaceswith triangularpyramidsof edge-lengthfour.
Twist themsothatadjacenpyramidshaveoneedge-lengthn common andfill theremainingholeswith
triangles. Figure 9 shows the result. Again the apical tetrahedra have been omitted.
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Figure 9. A twisted dome based on the truncated tetrahedron.

Triangulated Duals

The commonesexamplesof polyhedrawith large numbersof triangularfacesare geodesicdomes,
wherethe trianglesare adjustedso that the polyhedronapproximatedo a sphere.The dualsof these
domesare alsowell known, and havetwelve pentagonafaces,with the resthexagonsandin general
the facesarenot regular. HEDRON triesto makeall the facesof a polyhedronregularandit makesthe
pentagonsand hexagonsin a dual twisted dome non-planar.Triangles,however,must be planar, so
properpolyhedracanbe generatedy triangulatingthe facesof the dual, thenletting HEDRON find a
form madefrom equilateraltriangles.lt is not difficult to showthatthis procedureeplacesachtriangle
by three smaller ones (figure 10). In fact it is a Goldberg transformation witha =2, b = -1.

Construct the dual Triangulate it
Figure 10.Triangulating the dual replaces each triangle with six half-triangles.

Figure 11 shows the result of this processapplied to some simple examples,including Stephan
Werbeck'soriginal tetrahedrabndicosahedratonstructions.The 5-vertices producedby removingthe
apical pyramids appear as (distorted) pentagonal pyramids in the triangulated duals, and cause buckling.
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Figure 11.Three twisted domes, tetrahedral, octahedral and icosahedral, with stereo pairs of
their triangulated duals.

If the apical pyramidsare not removed,asin the dual Goldbergpolyhedra,thenthe triangulateddual
does not buckle. (figure 12).

Figure 12.The triangulated dual of a dual Goldberg octahedron (a = 3, b = 1) is another dual
Goldberg octahedron (a =5, b = 2).
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